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On-line assembly planning for
stochastically reconfigurable systems

Michael T Tolley and Hod Lipson

Abstract

Stochastic assembly approaches can reduce the power, computation, and/or actuation demands on assembly systems by
taking advantage of probabilistic processes. At the same time, however, they relinquish the efficiency and predictability
of deterministic alternatives. This makes planning error-free assembly sequences challenging, particularly in the face of
changing environmental conditions or goals. Here we address these challenges with an on-line approach to assembly plan-
ning for stochastically reconfigurable systems where the spatial and temporal availability of modules is uncertain, either
due to a stochastic assembly mechanism, resource fluctuations, or large numbers of uncoordinated agents. We propose
an assembly algorithm that is guaranteed to find an assembly path for finite-sized, connected objects. This is achieved
by sampling the space of possible assembly paths to the target structure that satisfy assembly constraints. Assembly is
accelerated by pursuing multiple paths in parallel. The algorithm computes these parallel assembly paths on-line during
assembly and is thus able to adapt to changing conditions, as well as predict the remaining assembly time. For situations
where the number of paths found exceeds the number that can be pursued in parallel, the assembly algorithm further
maximizes assembly rates according to domain-specific local assembly costs.

Keywords
Cellular and modular robots, assembly planning, self-assembly, biologically-inspired robots, micro/nano robots, reconfig-
urable robots

1. Introduction structure reconfiguration (Nagpal et al.,, 2003; Klavins
et al., 2006; Lerman et al., 2006; Werfel et al., 2006; Hjelle
and Lipson, 2009). In these situations, a target structure
or system is assembled from a set of components whose
availability or timing is uncertain, either due to resource
fluctuations, unreliability of assembly operations, or other
stochastic and distributed control aspects. For example, this
situation may occur when many robots need to coordinate
the joint construction of a structure. Since it may not always
be possible to maintain perfect information on the state or
location of individual robots, a planning approach that can
accommodate such uncertainties is desirable.

In this paper we present an automated approach that plans
the stochastic assembly of a target structure without knowl-
edge of the times or locations of component availability.
Unlike previous approaches, our proposed algorithm plans
on-line during assembly, and is thus able to adjust to chang-
ing conditions, and give an estimate of the assembly time

The scaling of modular robotics and other reconfigurable
systems to large numbers of small-scale units is reaching
its limits due to a variety of technical challenges (Yim
et al., 2007). The high power, connectivity, and actuation
demands of most current modular robotics approaches have
led to highly complex modules. Similarly, the uncertainty
associated with manipulating very small elements is
challenging for deterministic manipulation approaches.
Stochastic assembly processes have the potential to reduce
these demands by taking advantage of probabilistic pro-
cesses for various tasks, such as motion planning (Tomita
et al., 1999; Ayanian et al., 2008; Varshavskaya et al., 2008;
Werfel and Nagpal, 2008) or locomotion (Griffith et al.,
2005; White et al., 2005; Napp et al., 2006; Gilpin et al.,
2008). In the latter case, systems take advantage of stochas-
tic environmental motions for the transportation of robot
modules to target locations and/or the removal of unwanted
modules. This approach reduces the requirement of module
mobility at the cost of increased target structure design and
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remaining. In addition, our algorithm accelerates stochas-
tic assembly by finding multiple assembly paths that can be
pursued in parallel. In order to accomplish this, our algo-
rithm must, at each stage of the process, determine the next
set of locations to allow assembly. This is achieved by sam-
pling the graph of all possible paths from the current state
to the target structure. For each of these samples, the assem-
bly problem is solved by beginning with the final structure
and working backwards, removing one accessible compo-
nent at a time. As long as assembly constraints are taken
into account during disassembly, each sample represents a
valid path to the target structure. Thus, a path to error-free
assembly is guaranteed at all times. For the case where the
sampling finds more assembly paths than can be pursued
in parallel (due to practical considerations), this approach
affords the opportunity to choose the subset of paths that
maximize assembly rates.

In the next section, we review previous work in stochas-
tically reconfigurable systems that we believe may bene-
fit from the assembly-planning approach presented here.
We also discuss work in other fields that is related to our
approach to planning for stochastic assembly. In Section
3, we specify the problem we aim to address, and our
corresponding assumptions about the problem. We then
present our on-line stochastic assembly-planning algorithm
in Section 4, and describe its application to a particular
type of stochastic assembly system in Section 5. Section
6 describes a set of simulations used to evaluate the perfor-
mance of the assembly planner, along with the correspond-
ing results. This is followed by a general discussion of these
results and the strengths and weaknesses of the approach in
Section 7, and overall conclusions drawn from the work in
Section 8.

2. Previous and related work

Previous work has developed a variety of stochastically
reconfigurable artificial systems that may benefit from the
approach presented here. These systems can be grouped
broadly into three categories: those that form assemblies
from modules, with modules and assembled structures
moving stochastically in an agitated environment (e.g.
Figure 1(a)); those with modules in a stochastic environ-
ment depositing onto fixed assemblies (e.g. Figure 1(b));
and those with multiple decentralized robots manipulating
structural elements (e.g. Figure 1(c)). In the first case, mod-
ules move about stochastically due to simulated Brownian
motion and decide whether or not latch together when they
collide into one another. This concept has been demon-
strated experimentally in two dimensions by floating robotic
modules on an air table, which is shaken to create stochas-
tic motion (White et al., 2004; Griffith et al., 2005; Napp
et al., 2006). These modules have electromagnets, actuated
permanent magnets, or actuated latches on each face that
are used to selectively bond modules together. The assem-
bly and reconfiguration demonstrated by White et al. (2004)

followed a hand-coded assembly plan. The modules of Grif-
fith et al. (2005) ran hand-coded finite-state machines in
order to reproduce linear strings of modules, or to produce
repeating linear or planar patterns.

Napp et al. (2006) define graph grammars that are used
to direct the assembly of their Programmable Parts into
target structures. Various assembly and disassembly steps
are treated like concurrent chemical reactions, the rates
of which can be defined to result in the assembly of a
desired structure. Napp et al. described an automated rule-
synthesis procedure that, similar to the approach presented
here, begins with a desired target shape and disassembles
it one step at a time in order to determine a sequence of
assembly steps. However, unlike in the current work, the
assembly rules in Napp et al. (2006) are established off-
line (prior to assembly). One of the challenges with this
approach is the inability to compensate for changing con-
ditions during assembly. For example, if the target shape or
the various assembly rates change during assembly, the sys-
tem has no way to adapt. In addition, while the approach
in general allows multiple ‘reactions’ (assembly events)
to occur simultaneously, the presented rule-synthesis pro-
cedure results in a single assembly sequence that allows
assembly to occur at a maximum of two locations at a time.
For a stochastic assembly system, this could severely limit
the assembly rate of large structures that must wait for one
of two very specific assembly events to occur.

A second type of stochastically reconfigurable system
uses stochastic fluid agitation to transport modules to where
they are selectively assembled to a fixed structure (White
et al., 2005; Zykov and Lipson, 2007; Krishnan et al., 2009;
Tolley et al., 2010). In this case, selective bonding between
modules is achieved using permanent or electro-magnets,
latches, and/or hydrodynamic forces. These efforts have
demonstrated the assembly of a small number of modules
on length scales spanning 500 pm to 13 cm. We have pre-
viously proposed a number of simple assembly-planning
strategies for stochastic fluidic assembly (SFA), which
we tested in simulation (Tolley et al., 2010). However,
these approaches had difficulty achieving perfect assem-
blies without severely slowing assembly rates. A detailed
description of this SFA approach is given in Section 5, as it
will be the example application for our assembly-planning
algorithm.

The third type of stochastically reconfigurable system
involves passive structural modules that are deposited by
active modules (Everist et al., 2004; Jones and Mataric,
2004; Terada and Murata, 2004; Detweiler et al., 2007;
Hjelle and Lipson, 2009, Figure 1(c)). Werfel and Nag-
pal (2008) describe an assembly approach for such a sys-
tem in which cubic structural modules are assembled by
active modules. Their approach is to have the structural
modules determine acceptable adjacent locations for new
modules, which are transported by mobile robots. This is
done by defining a set of rules for selecting block deposition
locations that avoids leaving inaccessible gaps in the final
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Fig. 1. Stochastic robotic assembly systems. Various types of
stochastic assembly approaches have been proposed for robotic

assembly. In previous work, we have investigated systems that
assemble stochastically (a) on an air table with agitation (White
et al., 2004), (b) in a fluidic tank (Zykov and Lipson, 2007),
and (c) from structural elements manipulated by many simple
truss-climbing robots (Lobo et al., 2009). Taking inspiration from
nature, these approaches rely on stochastic processes for com-
ponent transport and/or control. The present work investigates
an assembly algorithm that can compensate for the unpredictable
availability of components inherent in these systems.

structure. The robots then find locations to deposit their
blocks by communicating with the structural modules as
they climb over the structure. In order to minimize commu-
nication and make the robots as simple as possible, one con-
trol scheme they propose is to have the robots move about
randomly until a suitable assembly location is encountered.
However, even deterministic robot control schemes would
most likely lead to unpredictable module arrival times and
locations due to their decentralized nature.

In fact, even centrally controlled systems that are able to
deterministically coordinate assembly with a small number
of robots will most likely be forced to revert to stochastic
decentralized control when they scale up to large num-
bers of interacting robots. Thus, we see that there are a
wide range of proposed and existing robotic systems that
require assembly planners capable of coping with stochastic
component availability.

Aside from reconfigurable systems composed of active
and passive modules, there is a variety of related previ-
ous work in self-reconfigurable robotic systems consist-
ing only of active modules (Rus and Vona, 2001; Murata
and Kurokawa, 2007; Yim et al., 2007). However, since
the motion of the modules in these systems can be pre-
scribed deterministically, most assembly-planning work has
focused on the problem of coordinating the motions of the
modules to follow a single assembly plan. Unlike stochas-
tic systems, it is not necessary for deterministic systems
to be able to pursue multiple assembly paths in paral-
lel. Nonetheless, some authors have investigated assembly
approaches with characteristics similar to stochastic assem-
bly. For example, Tomita et al. (1999) describe a system
in which free modules circulate continuously about assem-
bled ones until they are identified to be in an appropriate
location for the target structure. Similar to the approach
of Napp et al. (2006) discussed above, each of the mod-
ules contains a pre-specified (static) assembly plan to
achieve the target structure. In addition, the authors do not
describe a general procedure for generating the assembly
plan.

Fitch et al. (2003) describe a reconfiguration planner for
a heterogeneous self-reconfiguring robotic system that must
order the modules during reconfiguration such that each has
a path to its location in the final configuration. Similar to
the current work, the authors use the approach of starting
with the final shape, and removing accessible modules, in
this case to determine the ordering of the heterogeneous
modules.

The approach of achieving modular robotic assembly by
disassembly has also been taken more literally by Gilpin
et al. (2008), who have developed a system that physically
disassembles modules from an assembled mass to reveal the
target structure. Since this approach is purely subtractive, it
avoids the problem of assembly planning altogether. How-
ever, it is accompanied by other challenges, such as assem-
bly of the initial mass, reconfiguration, and the assembly of
hollow structures.

Aside from the disassembly approach, our planning algo-
rithm shares properties with other previous work in path
planning. For example, our approach of random sampling
to identify the possible next steps in the assembly plan is
similar to the central idea of Rapidly Exploring Random
Trees (LaValle and Kuffner, 1999). Similarly, the overall
approach is related to the concept of partial-order planning
(Sacerdoti, 1975), in that the goal is to find many valid
assembly sequences that can be pursued in parallel as
opposed to following a linear plan.

3. Problem statement and assumptions

Our goal is to develop an on-line, high-level algorithm to
plan the assembly of stochastically reconfigurable systems
such as those described in the previous section. The relevant
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common aspect of the systems discussed is the unknown
temporal and spatial availability of assembly components.
The goal is to be able to input a target configuration (i.e.
shape map) and have the planning algorithm autonomously
identify a path to error-free assembly. Due to unpredictable
component availability, this algorithm must compensate for
potentially slow assembly rates by pursuing multiple assem-
bly paths in parallel. Thus, the algorithm must be able to
identify a set of valid locations to which modules can be
attached at any given stage of assembly. For the case where
the number of possible concurrent assembly locations is
limited by practical constraints, we also aim to develop
heuristics for choosing the subset of possible assembly
locations that maximize the overall assembly rate. Finally,
we seek an on-line approach that can adapt to changes,
such as a change in the target shape (assuming such a
change is possible given the current configuration) or fluc-
tuations in the assembly rates, and predict the assembly time
remaining.

We assume kinematic constraints on assembly based on
the local geometry of the assembly site (e.g. situations
where a module could be assembled but does not have
access). We also assume that there is some cost associated
with every assembly event that varies from site to site (e.g.
assembly takes longer based on the local geometry).

While we believe this algorithm could be useful for
systems with various component morphologies — such as
the truss assembly robots seen in Figure 1(c) (Hjelle and
Lipson, 2009) — we limit the discussion here to cubic com-
ponents that assemble on a rectilinear lattice due to the
popularity of this morphology in modular robotics. Thus,
the main kinematic constraint is the inability of the system
to insert a component directly between two opposing com-
ponents (Figure 2(a)). In the case of hollow objects, it is also
necessary to verify that a free path exists between the mod-
ule in question and the location of the module source (e.g. a
boundary of the assembly volume). However, we ignore this
case for the purposes of the present work. In addition, while
we aim to develop an algorithm with applications beyond
modular robotics, we will use the terms module or cube
interchangeably to refer to the components of the system
being assembled stochastically.

Assembly occurs on a plane, which we call the ground
plane, to which initial modules attach. All modules must
be connected to this ground plane either directly or indi-
rectly through other modules at all times during assem-
bly. Adjacent modules are assumed to be able to bond
together when assembled and the loads on these bonds are
not considered during assembly. This assumption may be
valid in weightless environments (such as marine or space
applications). For terrestrial applications, it may be possi-
ble (in future work) to include mechanical loading in the
assembly cost calculation. Finally, we do not consider the
possibility of removing modules during assembly (e.g. for
scaffolding).

4. On-line stochastic assembly-planning
algorithm

4.1. Assembly sequence generation

One approach to achieve the goals described in the previous
section is to establish a set of conditions that can be checked
to verify if the addition of a module at a given location
will lead to an unfillable gap in the structure (Werfel and
Nagpal, 2008). However, there are two drawbacks with this
approach. Firstly, it is difficult to enumerate a simple set of
conditions that can be proven to guarantee the assembly of a
target structure without placing restrictive limitations on its
shape (such as having no loops or holes in any plane). Sec-
ondly, for the case where only a limited number of assembly
sites can be activated in parallel, this approach gives no
indication of how desirable any particular valid location is
with respect to any others. While a certain location may be
valid in that it does not prevent successful assembly, it may
constrain further assembly in an undesirable way.

In order to address these drawbacks we look at the prob-
lem from another direction. This approach is inspired by
the experience of how much easier it is to take a puzzle
apart than to put it back together. Instead of solving the
hard problem of determining where to add modules with-
out leading to difficulties further down the line, we start
with the completed structure and solve the easier problem
of finding modules to remove. As long as the constraints
on addition, such as not inserting a cube directly between
two others, are applied in reverse during removal (cannot
remove a cube from directly between two others), simply
reversing the sequence of removals gives a valid sequence
of additions (see Extension 1). This circumvents the prob-
lem of determining what complications a particular addition
will cause in the future, because we already know what the
future looks like. We can get an estimate of the expected
assembly time for this sequence by adding up the expected
time for the reverse of each removal step (calculated based
on the local geometry).

This process for obtaining an assembly sequence by dis-
assembling a target structure is described in Algorithm 1.
This algorithm takes a representation of a target structure
to be assembled and returns a valid assembly sequence and
the associated expected assembly time. For each iteration of
the main while loop, the algorithm selects random modules
in the structure until it finds one that is both accessible and
does not disconnect the structure when removed. A module
is accessible if it could have been assembled last subject to
assembly constraints.

The disconnection check is an important part of this algo-
rithm. Essentially we are checking if the module in question
is an articulation point of the connectivity graph. Without
it, structures could violate the requirement of being con-
nected at all times during assembly. Similar checks are nec-
essary in non-stochastic modular robotic reconfiguration
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Algorithm 1: Assembly sequence generator.

initialize structure with user shape map
while modules remain in structure do
candidate-module < random module in structure
if candidate-module is accessible then
if NOT RemovingModuleDisconnectsStructure
(candidate-module, structure) then
add candidate-module assembly cost to cost-sum
add candidate-module location to sequence-list
remove candidate-module from structure
end if
end if
end while
reverse sequence-list to obtain assembly sequence
RemovingModuleDisconnectsStructure(module,
structure)
neighbors < list of modules adjacent to module in
structure
if SizeOf(neighbors) =1 then
return false
end if
neighbor <— random neighbor from neighbors
neighbors < (neighbors — neighbor)
structure < (structure — module)
num-connected-neighbors < 1
breadth-first search (BFS) through each
connected-module in structure connected (directly or
indirectly) to neighbor:
if connected-module{QUOTE €}neighbors then
increment num-connected-neighbors
if num-connected-neighbors =
SizeOf(neighbors) then
return false
end if
end if
end BFS
return frue

(Rus and Vona, 2001). Our approach to checking con-
nectivity is to remove the module in question and check
if its neighbors remain connected to one another through
other modules and/or the ground plane. This problem is
simplified by the following two observations.

If there is only one neighbor, then there are no parts to be
disconnected, thus no check is necessary.

If there are more than three neighbors, then this module is
not accessible to begin with. This is because it is not possi-
ble to choose four cubes neighboring a given cube without
two of the chosen cubes being opposite one another (e.g.
Figure 2(b)), in which case the cube is inaccessible.

Thus, we need only consider the two- and three-neighbor
cases. Our approach is to start with a random neighbor and
perform a breadth-first search through connected modules
to find the other neighbor(s). For the purposes of this search,

(a) (b) (c)

Fig. 2. Example configurations. (a) The highlighted module could
not be added last since it is impossible to insert a module directly
between two others (above and below, in this case). Thus, the
highlighted module could not be removed first by Algorithm 1.
(b) It is impossible for a module to be inserted into a location
with four existing adjacent modules. (c) The worst-case situation
for a breadth-first disconnection check function is a module —
such as the highlighted one seen here — that connects two long
protrusions.

we consider the ground plane as a module with many possi-
ble connections. This search ends when either all neighbors
are found to be connected (thus no disconnection), or all
connected modules have been searched and all neighbors
were not found (thus disconnection). A breadth-first search
is used since in a majority of cases, the neighbors will be
connected within a few steps by nearby cubes. The worst-
case scenario is the removal of the only module connecting
the ends of long protrusions (e.g. Figure 2(c)). However, in
general we expect the disconnection check to take a small
number of steps.

In order to prove the effectiveness of Algorithm 1, we
require the following four definitions and two lemmas.

Definition 1. An admissible structure is a finite-sized, con-
nected structure composed of regular cubes assembled on a
rectilinear lattice.

Definition 2. A boundary is an object that occupies the
space of one or more connected cubes in a single layer, and
is connected to an admissible structure on exactly one plane,
but is not considered part of the admissible structure.

Note that the ground plane upon which assembly occurs
is considered a boundary.

Definition 3. A structure’s cube is accessible if it could have
been assembled last subject to assembly constraints.

This definition, along with our assumption that the only
constraint on assembly is that a cube cannot be inserted
directly between two others, or between a cube and a
boundary, leads to the following corollary.

Corollary 1. A cube without neighbors or a boundary on at
least three adjacent sides is accessible.

Definition 4. The cube of a structure connected to a ground
plane is removable if it is both accessible and can be
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detached without separating the remaining structure into
pieces that are disconnected from both each other and from
the ground plane.

Lemma 1. An admissible structure connected to a boundary
will have at least one accessible cube.

Proof. We prove Lemma 1 by construction. For the pur-
poses of this proof we first define the coordinates x, y, and z
such that the structure connects to the boundary at the z= 0
plane with the boundary occupying the negative-z side (see
Figure 3(a)). Since admissible structures are finite sized,
there exists some plane of cubes perpendicular to the z-axis
that contains at least one cube in the structure, but beyond
which there are no more cubes in the positive z-direction
(see Figure 3(b)). Likewise, there exists a row perpendicular
to the y-axis in this plane that contains at least one structure
cube, but beyond which there are no more cubes in the pos-
itive y-direction (see Figure 3(c)). Finally, in this row there
exists some cube beyond which there are no more cubes in
the positive x-direction (see Figure 3(d)). This cube has no
neighbors in the positive x, y, or z directions, and is thus
accessible by Corollary 1. O

Lemma 2. If an admissible structure can be separated
into disconnected pieces by the removal of an accessible
cube (i.e. the cube was an articulation point of the con-
nectivity graph), these pieces, considered individually, are
themselves admissible structures.

Proof. Lemma 2 can be easily proven by contradiction since
any piece of a finite-sized, connected structure composed of
regular cubes assembled on a rectilinear lattice must also
share these properties. O

Lemma 3. Any admissible structure connected to a ground
plane will have at least one removable cube.

Proof. We prove Lemma 3 by construction. By Lemma 1,
the given admissible structure must have at least one acces-
sible cube (see Figure 3(e)). Removing this cube will either
separate the structure into one or more pieces disconnected
from each other and the ground plane (Case 1), or it will
not (Case 2). For Case 2, the lemma has been proven. For
Case 1, we consider the substructures that would have been
created if this cube were removed. At least one of these sub-
structures is not connected directly to the boundary and is
connected to the rest of the original structure only at the
chosen cube. In addition, this substructure contains at least
one cube less than the original structure. By Lemma 2, this
substructure is itself an admissible structure. If we consider
the chosen cube to be this substructure’s boundary, we can
now, by Lemma 1, find an accessible cube in this substruc-
ture (see Figure 3(f)). We are now left with either Case 1
or Case 2 as described above. If Case 1 is encountered, we
simply repeat this process, each time reducing the size of

oy A,

(g) (h) i)

Fig. 3. Finding an accessible cube that does not disconnect the
target structure. (a) Given a target structure (red cubes) attached
to a boundary (blue cubes), an accessible cube can be found by (b)
considering the top layer of the structure, (¢) moving to the front
row, then (d) selecting the leftmost cube in this row. (e) If remov-
ing an accessible cube found this way (yellow) would disconnect
the structure, (f) perform the same procedure on the substructure
consisting of one of the substructures that would be disconnected.
(g)-(i) Following this procedure recursively will, in the worst case,
eventually find a single-cube substructure that is, by definition,
accessible (color online only).

the substructure under consideration by at least one cube
(Figure 3(g) and (h)). Eventually, if a Case 2 is not encoun-
tered, the substructure under consideration will consist of
only one cube, which is removable (Figure 3(i)). O
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Theorem 1. Algorithm 1 will find a finite, error-free assem-
bly sequence for any given admissible structure attached to
a ground plane.

Proof. We prove Theorem 1 by induction. By Lemma
3, at the first stage of disassembly, there exists at least
one removable cube. Thus, choosing and testing structure
cubes randomly without replacement, Algorithm 1 will find
a removable cube at the first stage of disassembly. With
the first cube removed, the structure is now either empty
(Case 1), a connected structure attached to the ground plane
(Case 2), or a set of connected structures each attached to
the ground plane (Case 3). In Case 1 we have completed a
disassembly sequence. In Case 2, the remaining structure is
an admissible structure attached to a ground plane with one
less cube than the original. In Case 3, by Lemma 2, each of
the remaining structures is an admissible structure attached
to the ground plane, and the sum of their constituent cubes
is one less than that of the original structure.

By Lemma 3, the remaining structure(s) in Case 2 and
Case 3 each has at least one removable cube. The same is
true for all further substructures revealed by the removal
of these cubes. Since the original structure is finite sized,
there are a finite number of these steps required to disas-
semble the complete structure. The sequence composed of
the reverse of each disassembly step in reverse order is a
finite, valid assembly sequence that contains every module
in the given structure. O

4.2. Sample-based parallel assembly

Algorithm 1 is guaranteed to find one possible sequence
for the assembly of a given target structure. However, this
alone does not solve the problem of planning for stochastic
assembly because waiting for a module to arrive at one par-
ticular location could take a prohibitively long time (partic-
ularly if the transportation mechanism is random motion).
In order to accelerate this process we would like to be able
to pursue many potential assembly sequences in parallel.

To achieve parallel assembly, we follow a sampling
approach that iterates Algorithm 1 many times to map out
potential assembly paths. During sampling, we keep track of
the location of the last module removed in each sequence,
as well as the sequence’s expected assembly time. This sam-
pling gives a set of possible locations to next add modules.
We then select from among these the set of locations to
allow or promote assembly, which we call assembly promo-
tions sites. Ideally, we would want to promote assembly at
all of the locations found during sampling. However, due to
practical constraints on the system, there may be a limit on
the total number of simultaneous assembly promotion sites.
Nonetheless, pursuing assembly at multiple sites in parallel
significantly reduces the expected assembly time, because
the overall parallel assembly rate is the sum of each of the
serial assembly rates (assuming they are independent).

In essence, this procedure is sampling the graph of all
possible assembly sequences from the current state to the

Algorithm 2: Parallel stochastic assembly planner.

At the start of assembly:
initialize target with user shape map

During each assembly stage:
update assembled based on current configuration
remaining <— (target — assembled) (the relative
compliment)
for S (number of samples) do
call Algorithm 1 on remaining
increment count of final location in sample’s
sequence-list
add sample’s cost-sum to final location’s total-cost
end for
select N locations to promote assembly

Stochastic process:
selects location of next module arrival
assembled is updated

goal state (Figure 4). While this graph could theoretically
be enumerated in its entirety, in practice it is prohibitively
expensive to compute for all but the simplest structures.

The price to be paid for the increased assembly rate of
this parallel approach is a decrease in the certainty about
the assembly sequence. In addition to not knowing the time
of the next assembly event, we now also do not know its
location. Thus, the stochastic process ‘chooses’ which of
the selected promotion sites will be filled at each stage
of assembly and our algorithm must be able to cope with
this additional uncertainty. This is achieved by perform-
ing the same sampling for each stage of assembly, in order
to choose the next set of promotion sites. This is also the
feature that allows our planner to adjust to changes that
occur between assembly events. Algorithm 2 details this
approach, which is illustrated in animation in Extension 1.

The process begins with the user specifying a target
shape map. Assembly then proceeds by alternating between
Algorithm 2 selecting a set of assembly promotion sites, and
the stochastic process selecting from among these sites, the
location of the next assembly event. Figure 5 graphically
depicts the entire parallel stochastic assembly process that
employs this algorithm.

In stages beyond the first, when Algorithm 1 is called by
Algorithm 2 calls for sampling, it selects from among only
the remaining cubes for removal, but considers the previ-
ously assembled cubes for accessibility and disconnection
checks. Since Theorem 1 requires an admissible structure
to be assembled on a flat ground plane, we present Theorem
2 to addresses the correctness of Algorithm 1 in this case.

Theorem 2. Algorithm 1 will find a finite, error-free assem-
bly sequence for the remaining part of an admissible struc-
ture attached to a ground plane that has been partially
assembled by Algorithm 2.
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Fig. 4. Assembly by disassembly. The parallel stochastic assem-
bly planner samples the graph of all possible paths to assembly by
starting with the complete structure and removing one cube at a
time until the existing state is revealed (dark arrows). Reversing
the disassembly sequence reveals a valid assembly sequence (light
arrows). Assembly promotion locations are chosen based on these
samples.

Proof. We prove Theorem 2 by induction. The base case is
the first assembly stage where the set of previously assem-
bled cubes is empty. In this case, Algorithm 1 will find a
finite, error-free assembly sequence by Theorem 1. Now
if we assume for an assembly stage N that at least one
finite, error-free assembly sequence was found, Algorithm
2 follows the first step of one such sequence to reach stage
N + 1. The remainder of the sequence found in stage N
(i.e. without the first step), is a finite, error-free assembly
sequence for the structure remaining in stage N + 1. Algo-
rithm 1, choosing cubes without replacement and checking
them for accessibility and removability (taking the previ-
ously assembled cubes into account), is guaranteed to find
such a sequence in stage N + 1. By induction, Theorem 2
holds for all assembly stages. O

Algorithm 2 has many desirable properties that make
it suitable for stochastic assembly. Firstly, it is an on-line
approach, as it re-evaluates progress at each stage of assem-
bly. This allows the algorithm to pursue many potential
assembly paths in parallel, which greatly increases assem-
bly rates. In addition, this has the potential to allow the
approach to compensate for the unforeseen circumstances
that may occur during stochastic assembly, such as changes
in the assembly rates or the target shape. As long as the
inputs to Algorithm 2 are updated, it will find assembly
paths based on the most recent information.

A second desirable property of Algorithm 2 is that in
addition to its ability to find parallel assembly sequences,
it gives us the opportunity to maximize assembly rates
based on the selection of locations to allow assembly. It
also gives us the opportunity to collect statistics during the
sampling of the remaining structure in order to estimate
the distribution of assembly rates and use this distribution

to guide the maximization. We discuss potential promotion
site selection heuristics in the following section.

Another advantage of the stochastic assembly-planning
algorithm is its potential for adaptation to different types
of stochastic assembly systems, such as those discussed in
Section 2. In Section 5, we discuss the application of this
algorithm to a SFA system. However, by tuning various
parameters, such as the expected assembly rates and associ-
ated local structure configurations, as well as the number N
of simultaneous attractions, we believe this algorithm could
be applicable to a wide range of stochastic assembly situa-
tions. We investigate the effects of changes in some of these
key parameters in Section 6.

Finally, this stochastic planning algorithm is able to
adjust the amount of computational effort exerted dur-
ing planning to adapt to the available time and resources.
We expect increased sampling of the potential assembly
sequences to give us a more accurate estimate of the rel-
ative merits of potential assembly paths (at the cost of
increased computational effort). Our sampling approach
provides a straightforward method of balancing between
these tradeoffs. We examine such tradeoffs in simulation in
Section 6.

4.3. Assembly promotion site selection

We investigated two possible assembly promotion site
selection heuristics. We used these heuristics to select the
attraction locations from among the set of possible loca-
tions found during sampling, based on data collected during
sampling. The quickest paths heuristic selects the poten-
tial modules with the quickest expected assembly times.
The expected assembly times for each potential location are
found by averaging the expected assembly times of all of
the samples that removed the module in question last.

The second promotion site selection heuristic is the most
paths heuristic. This heuristic is based on the conjecture
that our random sampling process will tend to favor loca-
tions that maximize the number of paths to assembly. In
other words, promotion sites that restrict the number of
ways the remaining structure can be assembled will tend
to be sampled less than those that lead to many possible
assembly paths. We examine the relative effectiveness of
these heuristics in Section 6.

5. Example application: stochastic fluidic
assembly

In this section we describe an example stochastic assem-
bly system in order to give a concrete description of how
our algorithm could be applied to achieve on-line assembly
planning. Our example system uses stochastic fluid motion
to enable the assembly of minimalistic robotic modules. We
have investigated this approach with physical and simulated
systems of various scales (Figure 6). In this system, a target
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Fig. 5. Diagram of parallel stochastic assembly process. (a) User
inputs the target shape map. (b) The stochastic assembly planner
updates the current state of assembly. (c) The assembly plan-
ner calls the assembly sequence generation algorithm to sample
assembly sequences for the remaining structure. (d) The assem-
bly sequence generator determines a valid assembly sequence by
alternately choosing and (e) removing random, accessible cubes
that do not disconnect the structure when removed. (f) Once the
sequence generator returns a set of valid assembly locations, the
planner chooses from among these a set of promotion sites using
some selection heuristic. (g) The stochastic process then deter-
mines which of the promotion sites next receives a module. (h)
If there remain modules to be assembled, the process returns to
step (b), otherwise, assembly is complete.

structure is ‘grown’ by adding modules first to a planar sub-
strate, then to the exposed surfaces of previously assembled
modules (Figure 7).

The modules are homogenous, and their availability for
assembly at any particular location at any point in time
is determined by the stochastic motion of the fluid in the
assembly chamber. An assembly promotion site can be acti-
vated by redirecting fluid flow through the internal struc-
ture to open a sink at any surface of the structure, which
pulls in nearby modules until one comes close enough to
attach. However, there is a limit to the number of sinks that
can be opened simultaneously (due to the increased flow
rates required to maintain additional sinks). In addition,
the attraction probability is affected by the local fluid flow,
which in turn is affected by the local assembled structure.
In fact, the fluid flow is highly coupled with the existing
assembled cube configuration, but we assume here for sim-
plicity that the locations immediately adjacent to a sink have
the largest impact. Thus, the expected cube arrival time is a
function of local geometry only.

Due to kinematic constraints, there are three possible
configurations to which a cube can be attracted (Figure
8(b)). In order to determine the probability distributions
for cubes being attracted to these three basic configurations
over time, we conducted a set of experiments with a test

Fig. 6. Stochastic fluidic assembly. Modules are assembled by
taking advantage of their stochastic motions within a fluidic sys-
tem for transportation. A target shape (a) is assembled in simula-
tion (b), where free and attached cubes are colored dark and light,
respectively (Tolley et al., 2010). The assembly substrate is dis-
played as a checkered floor. (c) Centimeter (Zykov and Lipson,
2007), and (d) micrometer-scaled (Tolley et al., 2008) versions of
stochastic fluidic assembly modules.

(a) (b)
(c) (d)

Fig. 7. Stochastic Fluidic Assembly Concept (Tolley et al., 2010).
(a) Fluid flow (indicated by arrows) into a substrate attracts a

nearby module moving stochastically in fluid environment. (b)
Once attached, the module draws power from the substrate to
activate on-board valves and redirect fluid flow through internal
channels, (c) attracting new modules at desired locations. (d) This
process continues until the structure is complete.

fluidic system (Figure 8). Each trial was conducted start-
ing with four 1 cm cubes moving stochastically in water
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in a 15 cm tall by 6 cm radius cylindrical tank. The fluid
agitation was achieved by pumping water out through two
inlets at the top of the tank, and back in through a jet near
the middle of the tank at approximately 1.5 I/min (as indi-
cated in Figure 8(a)). At a random point in time, a valve
was opened to allow fluid to flow out through the sink(s) at
the target location. We then measured the time until one of
the free-floating cubes was attracted to the target location.
This experiment was repeated 50 times for each of the three
configurations.

The results of these experiments are shown in Figure
8(c), which shows histograms of the durations of the tri-
als, binned into one second intervals up to 35 s. We see
that the assembly times were roughly exponentially dis-
tributed, with fast assembly times being more likely, but
much longer assembly times also being possible. Overlaid
on the experimental results are the most probably exponen-
tial fits. Figure 8(d) compares the mean assembly times for
the three cases. It is important to note that these experiments
investigate only the time required to attract a module to the
right location and do not take into account any additional
time required to engage latching mechanisms and estab-
lish communication between modules. Nonetheless, these
results support our assumption that the assembly rates in
our system depend on the local structure configuration. In
addition, they provide us with a lower bound on assem-
bly time distributions for testing our assembly algorithm.
Using these three expected assembly times, we can create
a simplified model of our system using Gillespie’s stochas-
tic sampling algorithm (Gillespie, 1977; Gibson and Bruck,
2000).

6. Simulations and results

We employed the method described in the previous sec-
tion to simulate our stochastic fluid assembly system. This
simulation proceeds by alternating between two steps, as
described in Algorithm 2. After initialization of the assem-
bly planner with the desired user shape map, in the first
step of the simulation, the planner finds a set of allowable
promotion sites and selects a subset of these to promote
assembly. The second step of the simulation uses Gillespie’s
method to randomly select the time and location of the next
assembly event, according to the distributions determined
by the expected assembly times of the locations in question.
These expected assembly times, in turn, are determined by
the local structure configuration. The simulation proceeds
by alternating between these two steps of assembly plan-
ning and random selection until the structure is complete
(see Extension 1). In the rest of this section we describe
results of our investigations into the effects of changing the
location selection heuristic, as well as the number of par-
allel promotion sites and path samples for each assembly
stage. Finally, we analyze the scaling of the computational
effort exerted by our algorithm with the number of modules
in the target structure.

6.1. Effect of promotion site selection heuristics

We ran the simulation described above on the assembly of a
hand target shape composed of 619 modules (Figure 9(a)).
We set the number of simultaneous attractions to four and
sampled the remaining structure 40 times at each assem-
bly stage. We used the experimentally determined expected
assembly times for the three assembly cases and calculated
the total assembly time for each run. Figure 9(b) shows a
comparison of the mean assembly time per cube (averaged
over 150 runs), for the two promotion site selection heuris-
tics described in Section 4, along with a random baseline
(where assembly promotion locations are chosen at random
from among the valid locations found by the assembly plan-
ner). We found no statistical decrease in the assembly times
for the heuristics as compared to the random baseline.

One possible explanation for this null result in the effec-
tiveness of the promotion site selection heuristics is that the
experimental assembly times for the three location config-
urations (Figure 8(b)) are too similar to see a significant
improvement, even for a large number of trials (150). How-
ever, it is possible to imagine a system with a large dif-
ference in the expected assembly times for various local
configurations. For example, this might occur if a stochas-
tic robot assembler has difficulties assembling a cube to a
particular local geometry. As another example, a particu-
lar configuration may often lead to connection issues that
require rejecting the module and waiting for a new one to
arrive.

In order to evaluate the heuristics in such a case, we pre-
scribed three sets of expected assembly times with one of
the configurations seen in the Figure 8(b) set to be much
more expensive than the other two. In the first situation,
the expected assembly time for one outlet (configuration
1) was set to 100 s, while the other two configurations (2
and 3) had expected assembly times of 1 s. Likewise, we
also investigated situations where either configuration 2 or
3 was 100 times more expensive. Figure 9(b) shows the
results of these simulations. We see that there is now a sig-
nificant difference in the average assembly times produced
by the three heuristics. In all three cases, the Quickest Paths
heuristic was found to lead to the fastest assembly times (or
at least be tied with one of the other two heuristics for fastest
assembly times). Conversely, the Most Paths heuristic actu-
ally increased assembly times in two cases with respect to
random selection.

An examination of the ratios of the three assembly con-
figurations encountered by the different heuristics showed
that the Quickest Paths heuristic has the effect of reducing
the number of assemblies to the expensive configuration,
as compared to selecting the promotion sites randomly. By
contrast, the Most Paths heuristic — which does not take
assembly times into account — actually increases the fre-
quency of the expensive configuration in Case 1 and Case 2.
Thus, any benefits due to maximizing the number of promo-
tion sites per assembly step are outweighed by the expensive
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Fig. 8. Experimental determination of assembly probability function. (a) Experiments were conducted to record the time required to
attract a free module undergoing stochastic agitation to one of three outlet configurations. The large arrow indicates inflow, smaller
arrows indicate outflow, circles identify 1 cm cubes undergoing stochastic agitation, and the square denotes the target location to which
cubes are attracted. (b) The three possible outlet configurations to which a new module can be attached. (c) Histograms of the time to
attraction of 50 experiments for the three configurations, with exponential fit overlaid. (d) Comparison of the mean assembly times for
the three cases, with the standard errors indicated.
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Fig. 9. Assembly promotion site selection. Two heuristics for choosing the subset of viable sites at which to encourage assembly
were tested on the assembly of a 619-module hand-shaped target (a). (b) Simulations using experimental assembly rates found no

improvement with these heuristics as compared to random site selection. (c) However, in situations where assembly to one of the

three configurations seen in Figure 8(b) takes 100 times longer than the other two configurations, the Quickest Paths heuristic shows a

significant improvement with respect to the Most Paths heuristic or random selection.

assembly rates of the assembly configurations preferred by
this maximization.

6.2. Effect of target shape

In order to evaluate the dependence of the promotion site
selection heuristic results on the target shape, we repro-
duced the results for one of the cases described in Section
6.1 on four additional, topologically different shapes of var-
ious sizes (Figure 10). We chose the expensive two-outlet
configuration case, since it showed the most significant dif-
ference for the three heuristics (as seen in Figure 9(c)). For
each of the new shapes, the average assembly time for the
Quickest Paths heuristic was significantly shorter than for
either the Most Paths or Random alternatives. In addition, in
each case, the Most Paths heuristic’s average assembly time
was longer than random, except for the Eiffel shape, which
was not significantly different. Thus, this result seems to be
consistent across a range of target shapes and sizes.

6.3. Effect of number of samples

Since our assembly planner re-samples the remaining struc-
ture at each stage of assembly, the number of samples of
the remaining structure performed at each stage of assem-
bly obviously has a large impact on the computational effort
exerted during assembly planning. Thus, we would like to
know how many samples are necessary to minimize assem-
bly times (at least to a local minimum). In order to investi-
gate this, we ran simulations as described above, with four
simultaneous promotion sites, and varied the number of
samples. Figure 11(a) compares the mean assembly time per
cube, averaged over 50 runs, for cases with 10, 20, 40, and
60 samples per assembly stage. The Quickest Path heuris-
tic is compared against random promotion site selection for
both the experimental assembly rates and the test rates with
an expensive two-outlet configuration.

The first thing we see from this comparison is that, as
in the results of Section 6.1, the Quickest Paths heuristic
out-performed random location selection for the test values,
while there was no reduction for the experimental values,
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in parentheses indicate the number of modules in each shape. The relative effectiveness of each of the three promotion location selection

heuristics was similar in each case.

regardless of the number of samples. In addition, for the test
case, the average assembly time per cube decreased as the
number of samples increased from 10 to 40, even with ran-
dom location selection. This can be explained by the fact
that 40 samples are more likely than 10 to find at least
four different potential promotion sites at each assembly
stage. Thus, for the 10 sample case, assembly may be forced
to take an expensive assembly path when more sampling
would have found a quick path to be pursued in parallel. As
for a set of parallel resistors, a single low-resistance path
significantly reduces the overall resistance. The experimen-
tal assembly rates, however, were similar enough that this
effect did not significantly alter assembly times. In any case,
this effect diminished as the number of samples increased
from 40 to 60, indicating that there is an ideal number of
samples (approximately 40 in this case), above which the
additional computational effort does not result in reduced
assembly times.

6.4. Effect of number parallel promotion sites

We were also interested in the effect of the number of paral-
lel assembly promotion sites. While this parameter is most
likely determined by practical system limitations, it may
be useful to know how beneficial it would be to increase
the number of parallel promotion sites. To this end, we
conducted another set of simulations in which we varied
the number of parallel promotion sites for both the experi-
mental and expensive two-outlet test case scenarios (Figure
11(b)). For these simulations, we kept a constant ratio of

10 samples per promotion site, since this was found to be
ideal in Section 6.3. As expected, the average assembly time
per cube decreases as the allowed number of parallel sites
increases. This was the case for both the experimental and
the test cases, and it is, of course, the reason for pursuing
parallel assembly to begin with. However, we see dimin-
ishing returns as the number of promotion sites increases.
This is most likely due to the finite number of potential
promotion sites at any given stage of assembly, as deter-
mined by the target shape (i.e. increasing from six to eight
allowed promotion sites does not help in assembling a struc-
ture with a maximum of six valid promotion sites at any
given assembly stage).

As before, we found no difference between the heuristics
for the experimental case. However, there was an interesting
decrease in the effectiveness of the Quickest Paths heuristic
with respect to random site selection. Figure 11(c) shows
the reduction in assembly time due to the Quickest Paths
heuristic, as a percentage of the baseline assembly time. We
see that as the number of promotion sites increases from two
up to 10, this reduction decreases from 20% down to 5%.
Thus it seems that the advantage of choosing the promotion
sites carefully decreases as the fraction of the total possible
sites chosen increases.

6.5. Estimating assembly time

We would like our on-line assembly algorithm to be able to
estimate the amount of time required to assemble a given
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Fig. 11. Effect of number of samples and parallel promotion sites.
(a) For the test assembly rates, increasing the number of sam-
ples decreased the assembly time per cube, up to a certain limit.
The experimental assembly rates showed no change. (b) For both
experimental and test cases, increasing the number of parallel pro-
motion sites decreased the assembly time per cube. For the test
case, the Quickest Paths heuristic again reduced assembly times,
but showed diminishing returns with increasing parallel promo-
tion sites. (c) Beyond four sites, the reduction in assembly time
due to the Quickest Paths heuristic remained relatively constant at
approximately 7%.

target structure. Due to the stochastic nature of the pro-
cess, we would also like a confidence range for this esti-
mate. For a serial assembly path, an estimate can be found
simply by summing the expected assembly times for each
cube addition along the path. However, we would like to
be able to estimate the average time required to assemble a
target structure while attracting at multiple locations in par-
allel, based on the information collected during sampling of
possible assembly paths.

We estimate the expected parallel assembly rate by sum-
ming the sampled serial assembly rates. In order to deter-
mine a confidence interval for this estimate, we have to take
two factors into account: the uncertainty in the expected
assembly time and the variation due to the random, expo-
nentially distributed arrival times of the modules. We deal
with these two uncertainties separately in the next two
sections.

6.5.1. Expected time uncertainty The uncertainty in the
expected assembly time is due to the fact that this value
is calculated from a set of samples of the structure, as
described above in Algorithm 2. The parallel assembly rate
is obtained by summing a number of serial assembly rates,
each of which is estimated based on the number of random
samples that end at the chosen locations. Assuming that
these rates are each normally distributed and independent,
we can calculate and sum their variations in order to obtain
the standard deviation of the expected time. The indicated
lines in Figure 12 demark the upper and lower bounds of the
95% confidence interval (i.e. 1.96 standard deviations) for
the expected assembly time.

6.5.2. Stochastic arrival time distribution While we would
expect a large number of repeated assembly experiments
to approach the expected value estimated as above, it
would in fact be quite surprising if this were the case
for a single experiment. This is because each module is
arriving at a random, exponentially distributed time. The
distribution of the sum of a series of independent, expo-
nentially distributed times is itself a gamma distribution.
From the gamma distribution we can obtain 95% confi-
dence bounds for the structure assembly time based on
the expected values estimated as described in the previous
section.

In Figure 12 we see the 95% confidence bounds from
the gamma distribution for the upper and lower bounds of
the expected value. For this particular run, we see that the
simulated assembly time falls within these bounds for the
majority of the assembly. Figure 12 also shows that a large
part of the uncertainty in the overall structure assembly
time comes from the random distribution of module arrival
times. Nonetheless, the uncertainty in the expected value is
also significant.

6.5.3. Evaluation of assembly time estimates We tested
our assembly time predictions over the course of 120 runs
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